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Abstract. We study quantum systems on a discrete bounded lattice (lattice
billiards). The statistical properties of their spectra show universal features
related to the regular or chaotic character of their classical continuum
counterparts. However, the decay dynamics of the open systems appear very
different from the continuum case, their properties being dominated by the states
in the band center. We identify a class of states (“lattice scars”) that survive for
infinite times in dissipative systems and that are degenerate at the center of the
band. We provide analytical arguments for their existence in any bipartite lattice,
and give a formula to determine their number. These states should be relevant
to quantum transport in discrete systems, and we discuss how to observe them
using photonic waveguides, cold atoms in optical lattices, and quantum circuits.
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1. Introduction
Understanding and controlling quantum transport is essential for many different
quantum technologies. By now, it has become clear than different quantum systems
with very different sizes and time scales follow the same guiding principles as far as
transport properties go [1, 2]. One of these guiding principles is that the statistical
properties of quantum transport and quantum decay are chiefly determined by the
chaotic or regular properties of the classical analog. One of the most remarkable
achievements in classical mechanics in the last century has been the establishment
that the time evolution of certain dynamical systems is chaotic, i.e., it features
an extreme sensitivity to initial conditions, usually portrayed by their Lyapunov
exponents, which are a measure of an exponential divergence of trajectories in phase
space. Even though the concept of trajectory no longer holds in quantum physics,
quantum chaos, the quantum-mechanical study of classically chaotic systems, has also
flourished [3]. Results of quantum chaos have been particularly remarkable in the
study of billiards: domains wherein a particle moves ballistically except for elastic
collisions with the boundary. One of the most surprising results in this field was the
discovery by Heller [4] that the probability amplitude of certain wavefunctions—called
“scarred wavefunctions” or, simply, “scars”—in a chaotic two-dimensional billiard is
not uniform but concentrates along the trajectory of classical periodic orbits. This
effect due to wave interference has now been observed in a number of systems, from
microwaves in cavities [5, 6], to electrons in quantum dots [7, 8], to optical fibers [9].
The relevance on quantum transport of quantum-chaotic effects in general, and scarred
states in particular, is widely supported by theory and experimental evidence [10, 11].
The chaotic or regular properties of the dynamics in the closed system have
important consequences when the system is opened. In particular, the decay properties
of the particles inside a leaking billiard depend strongly on the system being regular
or chaotic, on the presence of marginally stable periodic orbits (bouncing balls) [12],
and on Sieber-Richter “paired” trajectories [13, 14]. With the development of atomic
cooling and trapping techniques, beautiful experiments could be performed exploring
different issues of quantum chaos [15]. The group of Nir Davidson confined rubidium
atoms to a billiard realized by rapidly scanning a blue-detuned laser beam following
the shape of the desired domain [16, 17]. Opening a hole in the billiard, the number
of atoms trapped as a function of time followed an exponential decay for chaotic
domains, and a power-law decay for domains supporting stable trajectories [16]. They
also showed the controlled appearance of islands of stability when the walls of chaotic
billiards are softened [18] in agreement with theoretical arguments [19]. However, no
scarred states were observed.
In this work, we study regular and chaotic billiards where the particle motion
is restricted to a square lattice of discrete points. This model is adequate to
describe several systems, including ultra-cold atoms trapped in optical lattices [20, 21],
cf. Fig. 1a, as well as the propagation of light along photonic waveguides [22, 23],
Fig. 1b. We consider billiards that in a continuum description feature regular and
chaotic properties. By studying the statistics of their energy levels, we show that these
behaviors are also present for the discrete case. Furthermore, we study the quantum
dynamics in dissipative billiards with a leak localized on the border, and show that
the population in both kinds of systems follows a similar trend: an initial exponential
decay, followed by a power-law decay, until on occasions a final non-zero population
is trapped in the system. We explain this unexpected behavior by the appearance of
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Figure 1. From a continuous region (a stadium, a rectangle, etc.), we obtain
a discrete billiard by selecting only the sites (circles) that are inside it (shaded
region). Particles are allowed to hop between sites with probability J , and there
is a sink of particles (decay rate Γ) at a corner of the lattice. This model can
be implemented using optical lattices (a), coupled photonic waveguides (b) or
coupled superconducting microwave resonators (c). In the first case, the sink can
be implemented with a focused, resonant laser. For coupled waveguides, it is a
guide with losses, while for (c) the loss comes from a resistor or a semi-infinite
transmission line coupled to a few resonators.
“lattice scars”: scarred wavefunctions supported on the lattice structure and whose
energy is at the band center, E = 0. Our numerical findings are supported with
analytical arguments, which lay the necessary conditions for the appearance of these
states, thus pointing a route for controlling the dissipation in finite lattice systems.
Finally, we discuss the observability of this effect in several different atomic, photonic,
and solid-state setups.
2. Energy statistics
We start by computing the eigenvalues En and eigenfunctions ψn of a lattice
Hamiltonian
H = −
∑
〈l,m〉
Jlmc
†
l cm (1)
where Jlm (l,m = 1, . . . , N) is the hopping amplitude from site m to site l, cm (c
†
m)
destroys (creates) a particle at site m, and the sum runs over all pairs of nearest
neighbors of the N -points lattice. The topology of the billiard is hence encoded in the
hopping amplitudes or, equivalently, on the set of neighbors of a given site.
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We calculate the eigenvalues by exact diagonalization. The Hamiltonian presents
chiral symmetry meaning that the Schro¨dinger equation can be written as
HΨ =
 0 C
CT 0
 ΨA
ΨB
 = E
 ΨA
ΨB
 , (2)
with A and B representing the two sublattices in which the square lattice can be
divided. Sites in the A sublattice only connect with sites in the B sublattice and vice
versa. This bipartite property of the square lattice translates into a symmetry of the
eigenenergies around the band center E = 0.
Following the standard procedure and taking into account the symmetries in the
spectrum, we unfold the set of eigenenergies into sn = (En+1−En)/〈En+1−En〉, where
the brackets 〈·〉 denote a local average. We have used different unfolding procedures
and checked that the spacing distribution, P (s), obtained is the same, including a
local unfolding with different energy windows [24], as well as using a smooth functional
form that takes into account the logarithmic divergence of the density of states at the
band center. The normalized level spacing distribution, P (s), for a continuum regular
billiard follows a Poisson distribution, PP(s) = exp(−s) [25], while for chaotic billiards
it follows the Wigner surmise,
PW(s) =
pi
2
se−pis
2/4 , (3)
from Random Matrix Theory (RMT) [26, 27]. In the case of the lattice billiards
with a square lattice that we are studying the proper Random Matrix Ensemble is the
chiral Gaussian Orthogonal Ensemble (ch-GOE, or BD I in the Cartan classification of
symmetric spaces) for systems with time reversal and chiral symmetries [28]. However,
besides the symmetry of the spectrum around the band center, the statistical spectral
properties, including the P (s), are the same as for the usual GOE.
We show in Fig. 2 our numerical results for a rectangular billiard of 50× 37 sites
[Fig 2(a)] and for a desymmetrized Bunimovich stadium with a total of 5238 lattice
sites [Fig. 2(b)]. Similarly to the continuum case, we see that the former agrees well
with a Poisson distribution (dashed line), while the stadium presents a distribution in
agreement with RMT (solid). It is worth mentioning that we do not find any indication
of the semi-Poisson behavior that was found for the very similar spin stadium billiard
in Ref. [29]. We have also performed a more stringent test, based on an analysis of
the long-range correlations, calculated through the Power Spectrum, Pδ(k), of the δn
statistics (as defined in Refs. [30, 31]). Our numerical results are presented in the inset
of Fig. 2. The comparison with the theoretical expectations is very good, including the
decrease in the average value of the Power Spectrum for small values of the frequency
k, which can be understood as the effect of bouncing ball orbits [32].
3. Dynamics in open systems
Having established the static properties of the discrete rectangular and stadium
billiards, we proceed now to analyze their dynamics in the presence of dissipation,
which we include in the form of a leaking hole on the border of the system. We have
studied the evolution of a localized wavepacket with initial momentum p0 and width
w, described by a pure state ψi(t = 0) ∝ exp[−(xi −x0)2/2w2 − ip0 ·xi]. For a weak
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Figure 2. Level spacing statistics for (top) rectangle and (bottom) stadium
billiards. Numerical data are plotted with bars while the lines are the theoretical
predictions of the Poisson distribution (dashed) and RMT (solid). Inset: long-
range energy statistics averaged over 300 states close to the band center of 10
rectangular (squares) and 10 stadium (dots) billiards with similar total number
of sites, and the theoretical predictions with the same line coding.
dissipation, the dynamics of the resulting mixed state is given by the master equation,
∂ρ
∂t
= − i
~
[H, ρ] +
∑
k
γk
2~
(
2c†kρck − ckc†kρ− ρckc†k
)
. (4)
Here, H is given by Eq. (1) while γk describes the loss rate: γk = Γ within the
leak located on the billiard boundary, and γk = 0 otherwise. This is equivalent to
the evolution under an effective non-Hermitian Hamiltonian with imaginary on-site
energies γk. We used a value Γ = 2 (in units of nearest-neighbor hopping J) for the
decay rate, and a leak radius σ = 2 (in units of the lattice constant). We have verified
that using a square-well or Gaussian profile for the leak does not substantially modify
our findings.
The number of particles remaining in the system after a time t is N(t) =∑
k Tr(ρ(t)c
†
kck). The average of N(t) over all possible positions of the hole, and
over a range of initial momenta p0 is shown in Fig. 3. For classical systems, one
expects very different population dynamics for the two billiards [19, 12, 33]: a rapid
exponential decay for the chaotic one, and a power-law decay for the regular one. For
quantum systems, unless there is a large number of decay channels or holes, a purely
algebraic decay is expected [34, 19]. These predictions have been confirmed in previous
experiments in a large variety of continuous systems, from microwaves billiards [34]
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Figure 3. Fraction of population trapped in the lattice for the rectangle (top
curve) and stadium (bottom curve), averaged over the position of the leak around
the billiard. Symbols are simulation data while lines stand for least-squares fits
to Eq. (5). Inset: behavior for long times.
to cold atoms in optics billiards [17]. Here, we observe two features that strikingly
contradict these expectations: (i) the population dynamics is similar for both discrete
billiards, and (ii) there is a fraction of population that remains trapped for arbitrarily
long times. Indeed, N(t) decays rapidly at short times tJ . 1000, then it levels off,
and finally saturates for tJ & 104 [cf. Fig. 3, inset]. The numerical data is accurately
fitted by the formula ( compare Eq. (1) in Ref. [19])
N(t) = E exp(−λt) +A(1 + αt)−β + S . (5)
For a given initial wavepacket and position of the hole, this can be rationalized in
terms of the decomposition of ψi(0) over the eigenstates of the closed billiard with
rapid (exponential) decay for short times, E , those with algebraic decay, A, and those
that survive the presence of the leak for t & 104, S = N(t = 0)− E −A. The rapidly
decaying eigenstates correspond to those that overlap the site where the leak opens,
or to trajectories of the wavepacket that reach the hole after only a few bounces off
the walls; classically, this can be expected to be most relevant for chaotic systems,
where (almost) any initial trajectory will quickly approach the leak. Algebraic decay
is associated with orbits that go through many bounces before leaking out [33]. We do
not expect Sieber-Richter paired trajectories [13, 14] to be relevant here, as discretized
systems do not support exponentially close pairs of trajectories.
Following this idea, we have performed a quantitative analysis of the
eigenenergies, Eopenn = εn + iΓn, of the non-Hermitian Hamiltonian with imaginary
on-site energies, for rectangular and stadium billiards. In both cases, we find that
the widths Γn can be divided into three sets: (i) a very small number of states (2−8)
with large imaginary parts, Γn ≥ 10−1, which we expect to decay for times ≤ 101.
(ii) A large fraction (& 95%) of states with Γn ≈ 10−4− 10−1 which decay slowly and
whose widths follow, in the chaotic billiard, a Porter-Thomas distribution as RMT
predicts [3] (see Appendix A). Finally, (iii) a small number of states with very small
decay rates; among these, a few Γn are numerically equivalent to zero.
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Figure 4. Probability density of some states in lattices with a leak at the top-
right corner (yellow square) of a rectangular billiard with M = 35, N = 26 (top
row) and a stadium with M = 32, N = 25 (bottom). Left column: lattice scars,
i.e., Eopenn = 0 eigenstates of the non-Hermitian Hamiltonian: there are two for
the rectangle (each localized on a different sublattice, shown on the same figure
as they are symmetric upon reflection on the central (dashed) line), and four for
the stadium (of which we show one). Right column: snapshots of the dynamical
evolution with Eq. (4) at the indicated times. Lower density is indicated by blue
(dark grey) and higher by lighter colors; maximum density is at red spots. Small
white dots point the lattice sites, and the purple line is the circular edge of the
stadium. See [35].
4. Lattice scars
The probability density of one of these non-decaying eigenstates, |ψopenn |2, in the
rectangle (stadium) is shown on the left panel of Fig. 4 (top, resp. bottom) when the
leak is at the top-right corner of the billiard. The long lifetime of these states is quickly
understood by noting their vanishing densities at the hole position. Their spatial
distribution on the billiard, however, is far from a “bouncing ball” orbit [34, 19, 33, 36].
This is due to the lattice constraint in Jlm that only allows to hop from one site to
its nearest neighbor. This, together with the geometry of the square lattice, amounts
to the system being bipartite on two disjoint sublattices, A,B, as mentioned in the
discussion about spectral statistics. Application of a theorem by Inui et al. [37] implies
then that the closed system has n solutions to the Schro¨dinger equation at the band
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Figure 5. Number of lattice scars for a given billiard. Squares represent data
for M × N rectangular billiards; circles show data for stadia with circular ends
of radius N and straight edges of length M − N . The dashed line separates the
data sets, which have been slightly shifted to ease visualization of the points along
M = N . The number of lattice scars is indicated by color darkness, with black
the maximum; empty symbols correspond to billiards with no lattice scars.
center, E = 0, which vanish on one of the sublattices, say ψk∈B = 0. Here, n is the
number of sites on the occupied lattice (here, NA) minus the rank, r, of the matrix
Jlm [37], i.e., r + n = NA. Once we open the system, some of these degenerate states
in the middle of the band stay at E = 0, while the others acquire a purely imaginary
eigenvalue with a large width. The number of the latter is given directly by the number
of A sites overlapping the leak. These large-width states dominate the decay at short
times. States remaining at (εn = 0,Γn = 0), on the other hand, will dwell in the
billiard for very long times. We refer to them as lattice scars.
We have calculated the number of lattice scars for a wide range of system sizes,
as shown in Fig. 5. We see that most rectangles feature no lattice scars: they appear
only when M/N ≈ q, q ∈ Z. In contrast, almost all stadia have at least one lattice
scar, with a larger number when M ≈ 2N , a trace itself of the embedded rectangle ‡.
The spatial distribution of the bound Eopen = 0 states will hence reside in sites
k ∈ A, which on a square lattice are linked by 45◦ lines. This requirement, besides the
boundary conditions appropriate to each billiard, which restrict the allowed “bounces”
off the walls, results in trapped eigenfunctions such as those in Fig. 4. Indeed, we have
independently checked that all states with Γn = 0 do have εn = 0. Moreover, we have
also verified the prediction derived from the theorem in [37] that the number of states
with εn = Γn = 0 equals n as defined above.
‡ Note that for M = N a Bunimovich stadium actually corresponds to a circle of radius M , which
is classically a regular billiard.
Lattice scars: Surviving in an open discrete billiard 9
From the preceding arguments, we conclude that an initial state on a dissipative
discrete billiard will evolve until at times t  1/J , all probability amplitude is
concentrated on a (superposition of) lattice scarred state(s), i.e., dissipation selects
this class of eigenstates, removing all the other components of the initial wavepacket.
This prediction is confirmed by looking at the probability density of an initial state
after numerically evolving it according to Eq. (4), see the right panels in Fig. 4:
the resemblance of these with the eigenstate probability densities on the left panels is
evident [35] and we verified that these stationary wavefunctions are pure superpositions
of states with εn = Γn = 0.
5. Physical implementations
5.1. Photonic waveguides
Paired trajectories in the sense of [13] strongly affect the conductance through
quantum dots [13, 11]. Analogously, we expect lattice scars to influence transport
through discrete systems. As a first example, this effect can be studied with infrared
or visible light in photonic lattices, which are optical circuits with tens of waveguides
imprinted on a substrate using a laser [38, 23, 39]. These waveguides can be arranged
on parallel rows forming a square lattice which are evanescently coupled, i.e., light may
tunnel between neighboring guides, cf. Fig. 1b. Doping one or more of the waveguides,
or coupling them to outgoing lines, would result in a sink realizing the desired amount
of dissipation. The paraxial propagation of light in this setup is described by Eq. (4),
the final population distribution corresponding to the distribution of light at the
substrate’s end.
Typical numbers for such a system are a guide length L = 1 − 10 cm, width
W ≈ 200 µm, and inter-guide distance of d ≈ 20 µm, resulting in a coupling
J ≈ 1 − 10 cm−1 [40, 41, 42]. An initial wavepacket corresponds in this system to a
spatial intensity distribution over the waveguides on the z = 0 plane, |ψ(x, y; z = 0)|2,
which then propagates along the guides’ length, z, that amounts to the time variable in
our simulations. Then, the distance, zscar, after which the intensity profile has taken
the shape of the lattice scar equals the characteristic time, tscar, required for scar
appearance as seen in the simulations. For systems with ∼ 10×10 guides (as afforded
by W ), we find zscar ≡ tscar ≈ 103J−1. Hence, to get zscar < L one requires J &
103L−1 & 102 cm−1. For waveguides written on fused silica using fs laser pulses [40],
this amounts to creating a refractive index variation ∆n = Jλ/2pi ≈ 1 × 10−3 for
visible light, which is well within present capabilities [40]. Under these conditions, for
zscar . z ≤ L the light beam propagates with a constant intensity profile, similarly as
in lattice solitons [43] but without nonlinear effects.
5.2. Cold atoms in optical lattices
Our predictions can also be investigated using cold atoms trapped in optical
lattices [44] (Fig. 1a), where single-site resolution for preparation and measurement
has already been demonstrated in several labs [45, 46, 47]. Dissipation here would be
realized via a focused blue-detuned laser beam, which can be pointed either on the
system boundary or even inside the billiard. A major challenge in these systems is to
produce a lattice with a customized boundary, a task that can be achieved thanks to
the improved optics in recent experiments, which allows projecting arbitrary optical
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potentials onto the trapping plane [45]. Detection of quantum transport modifications
due to the lattice topology in these atomic systems would contrast the observations
in graphene, where weak localization is strongly suppressed [48, 49].
Approximate time and length scales in these setups are an inter-site separation
d ≈ λ/2 ≈ 500 nm (λ being the optical wavelength) and hopping energy J ≈
~× (1− 100) kHz [20, 21], leading to tscar ≈ 103~/J ≈ 10 ms− 1 s, which lies within
the typical lifetime of these systems.
5.3. Superconducting microwave circuits
Finally, the same ideas can be studied using microwave quantum optics. Inspired by
recent designs of coupled harmonic oscillators [50], we suggest creating a lattice of
capacitively coupled microwave LC resonators, Fig. 1c. When the capacitive coupling
is weaker than the on-site energy, the rotating-wave approximation applies [51] and the
hopping of microwave photons in the array is described once more by Eq (4). The leak
can be introduced using either resistive elements or outgoing wires that extract energy
from a few sites. The distribution of energy can be measured using a probe antenna
that is moved over the circuit to scan the electromagnetic field. The timescale of such
experiments is much faster than in the atomic case. Both the oscillator energy and the
coupling between oscillators can be within the range of GHz to tens of MHz, to ensure
that we are far above the typical decoherence times of the cavities. Assuming that
the dissipation has the same rate as in the other setups, once more the observation
timescale of the decay tscar ∼ 1 ns − 0.1µs, which would allow for a fast preparation
of the state while being able to monitor the decay of the electromagnetic field.
6. Conclusions
In summary, we studied two quantum billiards on a bipartite lattice: a rectangle
and the Bunimovich stadium. We have shown that their level statistics agree with
those of a regular and a chaotic billiard, respectively. However, the dynamics of a
wavepacket on the open billiards turns out to be rather similar for both cases, and
presents a number of, to the best of our knowledge, so-far unnoticed features. The
most remarkable is the appearance of lattice scars: states at the band center whose
probability density collapses around spatially-concentrated orbits that live on only one
of the two sublattices. This allows them to survive the presence of localized decay
channels for very long times. We determined analytically the surviving population in
terms of the lattice geometry and hoppings. Finally, we discussed three experimental
setups, within current capabilities, to test our predictions.
Propagation through periodic lattices is a subject of interest in fields as diverse
as biological molecules [52, 53], optical waveguides [38, 23], nanophysics [54, 55] and
cold-atom systems [20, 21], and we expect that this work will enable new perspectives
in the study and control of quantum dynamics in classically-chaotic regimes. These
results should also be relevant in quantum simulations of interacting systems [20],
quantum walks [56, 57], and quantum-enhanced computational techniques such as
boson sampling [58, 59, 60, 61].
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Figure A1. Comparison of the distribution of widths for the stadium billiard
(bars) and the Porter-Thomas distribution, Eq. (A.1) (solid line).
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Appendix A. Statistics of eigenstate widths: Porter-Thomas distribution
Porter and Thomas derived the distribution of partial widths of the resonances
for an open quantum system assuming a Gaussian distribution of the eigenstates
amplitudes. The Porter-Thomas distribution can also be derived from Random Matrix
Theory [62, 63].
PPT(z) =
1√
2piz
exp (−z/2), (A.1)
where z = Γ/ 〈Γ〉. Eigenstates following the random wave model, conjectured to be
valid for the statistical properties of chaotic quantum system by Berry [64], fulfill this
property. We have calculated the distribution of the widths (imaginary parts of the
energy) of the eigenstates corresponding to the effective Hamiltonian of an opened
stadium lattice billiard. In order to make a fair comparison, the average width value
〈Γ〉 was calculated averaging in a window of 12 neighboring resonances in energy [65]
and over 10 different positions of the opening for a stadium billiard of 2784 sites
without taking into account the states in the band center. The results are shown in
Fig. A1.
The agreement is quite good taking into account that small divergences are
expected due to a breakdown of the random wave model due to the walls and/or
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discreteness of the lattice. From the results shown we can conclude that the random
wave model is a good approximation from the behavior of the wave functions outside
the band center in chaotic lattice billiards. A more careful analysis of the differences
between the calculated width distribution and the Porter-Thomas distribution is
beyond the scope of this work.
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